Let P and Q be relatively prime integers greater than 1, and f a real valued discretely supported function on a finite dimensional real vector space V . We prove that if
Introduction
Let V be an r-dimensional vector space over R and D the abelian group of discretely supported functions 1 f : V → R. If P ≥ 2 is an integer and f ∈ D we let
Note that f P is insensitive to the value of f at 0, namely we may modify f at 0 without affecting f P . We henceforth call f ′ a modification of f at 0 if f ′ (x) = f (x) at every x = 0.
Let Λ ⊂ V be a lattice. Our interest lies in the subgroup P of f ∈ D satisfying the periodicity condition f (x + λ) = f (x) (∀λ ∈ Λ).
If f ∈ P then clearly f P (0) = 0 and f P ∈ P. The converse is false, even if we allow to modify f at 0. Indeed, let V = R, Λ = Z. Let f P be any non-zero Z-periodic function vanishing at 0 and
f P (x/P i ).
Observe that for every x the sum is finite, and that f ∈ D. Then f (P x) − f (x) = f P (x), but f need not be periodic. If f P ≥ 0 and is supported on non-integral rational numbers whose denominators are relatively prime to P , then f is even unbounded.
In the first part of this note we prove the following theorem.
Theorem 1. Let P and Q be greater than 1 and relatively prime integers. If both f P and f Q are Λ-periodic, so is a suitable modification of f at 0.
The proof is elementary, but somewhat tricky. It is possible that the theorem remains valid if P and Q are only multiplicatively independent (P a = Q b for a, b ∈ Z if and only if a = b = 0). Our Date: January 23, 2020. The author was supported by ISF grant 276/17. 1 We call f discretely supported if {x ∈ V |f (x) = 0} has no accumulation points in V . methods do not yield this generalization, although we do obtain a partial result along the way, see Proposition 6.
Taking V = R, Λ = Z and f (x) = 1 if 0 = x ∈ Z and 0 elsewhere, we get that f p is Z-periodic for any prime p. This shows that we can not forgo the modification at 0, even if we replace it by the condition f (0) = 0.
In the second part of our note we derive from Theorem 1 a theorem on elliptic functions. Here we take, of course, V = C. The relation with elliptic functions comes from the fact that the divisor function e = div(f ), (i.e. e(z) = ord z (f )) of a Λ-elliptic function f lives in P, and determines f up to a multiplicative constant. We refer to the text for the precise formulation of our main result, see Theorem 7. Besides Theorem 1, its proof uses only basic facts on elliptic functions (the Abel-Jacobi theorem). Here we mention an immediate corollary.
Theorem 2. Let P and Q be greater than 1 and relatively prime integers. Let f be a meromorphic
In the third and last section we discuss our motivation: an elliptic analogue of a conjecture of Loxton and van der Poorten, proved by Adamczewski and Bell in [2] . Again we refer to the text for details. The original proof of this celebrated conjecture relied on Cobham's theorem in the theory of automata, whose proof in [3] was notoriously long and complicated. Recently, Schäfke and Singer found an independent proof [7] that both clarified the ideas involved, and eliminated the dependence on Cobham's theorem. In fact, as was known to the experts for decades, the latter follows in turn from the Loxton-van der Poorten conjecture, so [7] yields a conceptual and relatively short proof of Cobham's theorem as an added bonus. For more on this circle of ideas and related work, see the survey paper by Adamczewski [1] .
Although not explicitly stated so in [7] , the mechanism behind the proof of Schäfke and Singer is cohomological. Reformulating their work [4] allowed us to arrive at a cohomological conjecture (Conjecture 8) in the elliptic set-up. We then show (Theorem 9) how this cohomological conjecture implies an elliptic analogue of the Loxton-van der Poorten conjecture.
Our conjecture depends on a parameter d ≥ 1 and involves, for d > 1, non-abelian cohomology. The theorem on elliptic functions to which we alluded above (Theorem 7) is the d = 1 (abelian) case of our conjecture. The proof of the general case of the conjecture is still far away, but we regard this special case as an encouraging sign.
1. The theorem on periodic functions 1.1. A Lemma. We begin with an elementary lemma. Fix an integer N ≥ 1. If 0 = x ∈ Z and p is a prime number we write v p (x) for the power of p dividing x. If S is a set of primes we write
for the "prime-to-S" part of x (retaining the sign). For non-zero x, y ∈ Z we define x ∼ S y to mean v p (x) = v p (y) for every p ∈ S and x ′ S ≡ y ′ S mod N . This is clearly an equivalence relation on Z (where, by convention, the equivalence class of 0 is a singleton). For example, when N = 10 and S = {5}, 12 ∼ S 32 and 15 ∼ S 65 but 15 ≁ S 35.
Lemma 3. Let S and T be disjoint, non-empty finite sets of primes and ∼ the equivalence relation on Z generated by ∼ S and ∼ T , namely x ∼ y if there exists a sequence x = x (1) , . . . , x (K) = y such that for every i,
Assume that y = x + kN and let s and t satisfy sP − tQ = k.
and it is easily checked that x ∼ S z and z ∼ T y. Thus x ∼ y. The converse is obvious 1.2. A Proposition. We use the same notation as in the introduction. In particular V is a real r-dimensional vector space, and Λ is a lattice in V .
Proposition 4. Let P and Q be greater than 1 and relatively prime integers. Let f ∈ D be a function supported on P QΛ. Let
.
both sums being finite. Fix 0 = x, y ∈ Λ such that x − y ∈ N Λ. We shall show that f (x) = f (y).
In particular there will be a constant c such that f (x) = c for every 0 = x ∈ N Λ. Modifying f to obtain the value c at 0 too, we get an N Λ-periodic function. Fix a basis of Λ over Z in which the coordinates of x and y are all non-zero. This is always possible, and we call such a basis adapted to x and y. Using this basis we identify Λ with Z r and V with R r . Instead of congruences modulo N Λ we write congruences modulo N .
Let S be the set of primes dividing P and T the set of primes dividing Q. For u and v in Z r write u ∼ S v if this equivalence relation holds coordinate-wise. In particular, if the ν-th coordinate of u vanishes, so must the ν-th coordinate of v.
Since x ≡ y mod N and none of the coordinates of x or y vanishes, there is a sequence
(In fact the proof of Lemma 3 shows that we can take K = 3.) It is therefore enough to show that if x ∼ S y then f (x) = f (y). Assume therefore that x ∼ S y. Write x = P m x ′ and y = P m y ′ where x ′ and y ′ are in Z r but not in P Z r . That the same m works for both x and y follows from the fact that for each 1 ≤ ν ≤ r, the p-adic valuations of the
This concludes the proof of the Proposition.
1.3. The proof of Theorem 1. Let f ∈ D be as in the Theorem, P, Q ≥ 2. Let Λ be a lattice of periodicity for f P and f Q . Our goal is to show that if (P, Q) = 1 the function f , appropriately modified at 0, is also Λ-periodic.
Denote by S P , S Q ⊂ V /Λ the supports of f P and f Q and by S P and S Q their pre-images in V . Let S be the support of f .
Lemma 5. Assume that P and Q are multiplicatively independent. Then the projection S mod Λ is finite.
It is therefore enough to prove that ∞ n=1 P n S P ∩ ∞ m=1 Q m S Q is finite. The sets S P and S Q are of course finite. Letz = z mod Λ ∈ S P andw = w mod Λ ∈ S Q , n and m be such that P nz = Q mw . If z (hence also w) lies in M = QΛ then there are altogether only finitely many points of the form P nz in V /Λ. It is therefore enough to assume that z, w / ∈ M and prove that (n, m) are then uniquely determined by (z, w). But suppose P n z ≡ Q m w mod Λ and also P n ′ z ≡ Q m ′ w mod Λ, where without loss of generality we may assume n ′ > n. Then
contradicting the assumption that w / ∈ M . In the last step we used the multiplicative independence of P and Q to guarantee that the coefficient of w is non-zero.
We continue with the proof, assuming only that P and Q are multiplicatively independent. Let S be the projection of S modulo Λ. Pick z ∈ S P , z / ∈ M = QΛ. We call {z, P z, P 2 z, ...} ∩ S P the P -chain through z. Since z / ∈ M all the P n z have distinct images modulo Λ, so only finitely many of them belong to S P . Let P n(z) z be the last one, and call n(z) ≥ 0 the exponent of the P -chain through z. Call a P -chain primitive if it is not properly contained in any other P -chain, i.e. if none of the points P n z, n < 0, belongs to S P . Since S P is Λ-periodic, n(z + λ) = n(z) for λ ∈ Λ. It follows from the discreteness of S P that
Let {z, P z, . . . , P n(z) z} ∩ S P be a primitive P -chain through z / ∈ M. We claim that
Indeed, for every n > n(z)
so the assertion follows from Lemma 5, since otherwise all P n z, n > n(z), would lie in S, and they are all distinct modulo Λ. It follows also that f (P n z) = 0 if n < 0 or n > n(z).
Let λ ∈ Λ. Assume z / ∈ M and f (z) = 0. Then
The reason we can stop at i = n P is that if i 0 is the largest index such that f P (P −i z) = 0 and
Thus if f (z) = 0 we must have i 0 ≤ n P . By the periodicity of f P we now have
The last sum is equal to 2nP i=1 f P (P −i (z + P 2nP λ)) because the terms with n P < i ≤ 2n P all vanish as they are equal to f (P −i z), which, as we have just seen, vanish. Since one of the terms f P (P −i (z + P 2nP λ)) with i ≤ n P must not vanish, and the exponent of any primitive P -chain is less than n P , the terms f P (P −i (z + P 2nP λ)) with i > 2n P all vanish. We conclude that
To sum up, we have shown that if z / ∈ M and f (z) = 0 then f (z) = f (z + P 2nP λ) for every λ ∈ Λ. This of course stays true if f (z) = 0, for if f (z + P 2nP λ) = 0 switch the roles of z and z + P 2nP λ and replace λ by −λ.
Repeating the same arguments with Q replacing P we get that
for all z / ∈ M. If gcd(P, Q) = 1, the lattice generated by P 2nP Λ and Q 2nQ Λ is Λ. We therefore get the following conclusion: Proposition 6. Let f ∈ D and assume that P and Q are multiplicatively independent. If f P and f Q are Λ-periodic then there exists a lattice Λ ′ ⊂ Λ (depending on f ) such that for every z / ∈ M = QΛ and λ ∈ Λ ′ f (z + λ) = f (z).
If furthermore gcd(P, Q) = 1, we may take Λ ′ = Λ.
It remains to examine periodicity of f at points z ∈ M . For that we must assume that P and Q are relatively prime, as in Theorem 1. By Lemma 5 the support of f is finite modulo Λ. Let N be an integer divisible by P Q such that, with Λ ′ = N −1 Λ, the function f is supported on P QΛ ′ . Changing the lattice, we are reduced to the following.
Claim. Let Λ ′ ⊂ V be a lattice, N an integer divisible by P Q and f : P QΛ ′ → R a function. Assume that f P and f Q , which are supported on Λ ′ , are N Λ ′ -periodic for some integer N . Then a suitable modification of f at 0 is N Λ ′ -periodic.
This was proved in Proposition 4.
A theorem on elliptic functions
Let Λ ⊂ C be a lattice and M = QΛ. Let K be the field of meromorphic functions on C which are periodic with respect to some lattice Λ ′ ⊂ M . We call such functions M -elliptic. Let p and q be multiplicatively independent natural numbers 2 . Consider the automorphisms
of the field K. Let K = C((z)) and embed K in K assigning to any f its Laurent series at 0.
Let
be the group of automorphisms of K generated by σ and τ. As σ and τ commute, and p and q are multiplicatively independent, Γ ≃ Z 2 . The group Γ acts of course also on K. The goal of this section is to show how Theorem 1 can be used to prove the following.
Theorem 7. Assume that p and q are relatively prime. Then the map
is an isomorphism.
Proof. In this section we reserve the letter f to denote elliptic functions. Typically, if f ∈ K × ,
and is of course periodic. The injectivity statement is trivial: if f is Λ-elliptic for some Λ ⊂ M and f (pz)/f (z) is constant then it is easily seen that f had to be constant to begin with.
For the surjectivity consider D, the group of all the functions d : C → Z with discrete support, which are Λ-periodic for some lattice Λ ⊂ M . Let D 0 be the subgroup of all d ∈ D which are of degree 0 on C/Λ, for some (equivalently, any) lattice Λ modulo which they are periodic. Let P ⊂ D 0 be the subgroup of principal divisors, i.e. d for which there exists a function f ∈ K with ord z (f ) = d(z), or d = div(f ). By the Abel-Jacobi theorem a d ∈ D 0 is principal if and only if for some (equivalently, any) lattice Λ modulo which d is periodic, z∈C/Λ zd(z) ∈ M .
Let {f γ } be a 1-cocycle with values in K × , and choose a lattice Λ such that f σ and f τ are Λ-elliptic. From στ = τ σ we get
2 For typographical reasons, we let p and q stand for what was denoted P and Q in the previous section. The primes dividing P or Q will not show up anymore.
If {d γ } is the 1-cocycle with values in P defined by d γ (z) = ord z (f γ ) then, looking at the constant term on both sides of the last equation, we get p dτ (0) = q dσ(0) , hence d τ (0) = d σ (0) = 0. This implies that d γ (0) = 0 for every γ ∈ Γ. For lack of a better terminology we call such a 1-cocycle {d γ } special.
From the exactness of 0 → C × → K × → P → 0 we see that it is enough to prove that our special 1-cocycle {d γ } is a coboundary. As before, from στ = τ σ we get
We have to show that there exists an e ∈ P with
From the equation (2.1) we get
The sum is finite by the assumption on the supports. Thus, by telescopy,
satisfies (2.2). Its support is discrete.
We are now in a position to apply Theorem 1. Suitably modifyingẽ at 0 we get a function e ∈ D satisfying (2.2), in fact of the same periodicity lattice Λ of d σ and d τ . It remains to show that e ∈ P, i.e. that it satisfies the two conditions prescribed by the Abel-Jacobi theorem.
Let Π be a parllelogram which is a fundamental domain for C/Λ. Since f σ is Λ-elliptic, the left hand side lies in Λ. If Λ ′ = (p − 1)Λ and Π ′ is a fundamental domain for C/Λ ′ consisting of (p − 1) 2 translates of Π then
By Abel-Jacobi, e is the divisor of a Λ ′ -elliptic function. We have found an e ∈ P such that d γ = γ(e) − e for every γ ∈ Γ. This concludes the proof of the theorem.
Let us turn to the proof of Theorem 2. Let f be meromorphic in C and assume that
guarantees that we can extend d to a special 1-cocycle {d γ } of Γ in P. The proof of Theorem 7 above yields an e ∈ P for which d γ = γ(e) − e. Letf be the Λ ′ -elliptic function whose divisor is e. Let g =f /f . Then g(pz)/g(z) is periodic and has no poles or zeros, so must be constant. This immediately implies that g(z) = cz m for some c and m. The theorem follows. The proof shows thatf is Λ ′ -periodic, where Λ ′ = (p − 1)Λ. By the same token we can take Λ ′ = (q − 1)Λ. It follows that we can take, as the periodicity lattice off , the lattice DΛ, where D is the greatest common divisor of p − 1 and q − 1.
the main conjecture and an elliptic analogue of the conjecture of Loxton and van der Poorten
Theorem 7, like Hilbert's theorem 90, can be generalized to non-abelian cohomology. Its proof, nevertheless, breaks down completely, so we are left with the following conjecture.
Conjecture 8. Assume that p and q are multiplicatively independent and d ≥ 1. Then the map of pointed sets
is bijective.
See [4] for a proof of an identical claim where K = C(z 1/n ), σ(f )(z) = f (z p ) and τ (f )(z) = f (z q ). In this case the theorem is entirely due to Schäfke and Singer, even if [7] falls short of formulating it in cohomological terms.
Our goal is to show how Conjecture 8 leads to an elliptic analogue of a conjecture of Loxton and van der Poorten on rational functions, which first appeared in print in [5] , and was eventually proven in [2] , see also [7] .
Theorem 9. Assume that Conjecture 8 holds for all d ≥ 1. Let f ∈ K and assume that it satisfies the Mahler equations
where a i , b j ∈ K (a 0 = b 0 = 1) and p and q are multiplicatively independent. Then there is an r such that
Remark.
Conversely, if f is as in (3.2) , it satisfies Mahler equations as in (3.1) with n = m = 2r + 1.
Functional equations similar to (3.1) were studied extensively and popularized by K. Mahler. Observe that the field K does not show up in the formulation of Conjecture 8, so the signifiance of that conjecture to Theorem 9 may not be a-priori clear. Observe also, that contrary to the "rational" case, in which the existence of two functional equations like (3.1) with rational coefficients and multiplicatively independent p and q implies that f is rational, here we can not conclude that f is elliptic, but only that it is of the form (3.2). This suggests, perhaps, regarding Conjecture 8 as the more fundamental property, rather than its consequences.
Proof. Let f ∈ K satisfy (3.1). Since σ and τ commute, the space
is a finite dimensional Γ-invariant K-vector space. Let d = dim K W and let u 1 , . . . , u d be a basis. Let u = t (u 1 , . . . , u d ) and write γ(u) = A −1 γ u (γ ∈ Γ, A γ ∈ GL d (K)). Then {A γ } is a 1-cocycle: γ(A δ )A −1 γδ A γ = 1. A change of basis changes {A γ } by a 1-coboundary, and Conjecture 8 means that we can find a basis as above for which the A γ ∈ GL d (C). By a further change of basis we may assume that A = A σ is upper triangular. This means that there are a ij ∈ C for which u i (pz) = a ii u i (z) + d j=i+1 a ij u j (z).
By descending induction on i we deduce that each u i is of the form (3.2), hence so is every element of W , and in particular f .
Remark. The conjecture can be approached in two steps, as in [7] , see also [4] . Namely, by proving:
(i) H 1 (Γ, GL d (C)) → H 1 (Γ, GL d ( K)) is bijective.
(ii) H 1 (Γ, GL d (K)) → H 1 (Γ, GL d ( K)) is injective. Proving (i) might turn out to be easier than proving the conjecture directly, and brings back the field K. Presumably, it would involve structure theory of modules over the non-commutative ring K Φ, Φ −1 , in which for a ∈ K we have Φa = σ(a)Φ. Alternatively, it may follow from the methods of chapter 12 of [6] . Proving (ii) might involve some complex analysis. We hope to come back to the full conjecture in the future.
